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Abstract 

A discrete symmetry of the string field tachyon condensate noted by Hata and Shi- 
nohara is identified as a discrete subgroup of an SU(1,1) symmetry acting on the ghost 
coordinates. This symmetry, known from early studies of free gauge invariant string field 
actions, extends to off-shell interactions only for very restricted kinds of string vertices, 
among them the associative vertex of cubic string field theory It follows that the string 
field relevant for tachyon condensation can be trimmed down to SU(1,1) singlets. 
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Sen's conjectures on tachyon condensation and D-brane annihilation [IJ have received 
striking support from calculations [31 [|, |5| in cubic open string field theory M, and a 
proof of the energetics aspect of the conjectures has now been obtained using boundary 
string field theory || . Exact solutions for tachyon condensates in cubic string field theory 
are highly desirable, for due to the connection of this string field theory to star-algebras, 
homotopy algebras, non-commutative geometry and Batalin-Vilkovisky geometry, such 
solutions might offer much valuable insight into the nature of the string field. 

There has been some progress in understanding the properties of the string field 
tachyon condensate. Its universality, namely its description in terms of Virasoro gen- 
erators and ghost oscillators common to all backgrounds, was established in ||. This 
analysis was elaborated upon in fH|, where a calculational method tailored to this uni- 



versal basis was developed. Intriguing suggestions for the nature of the tachyon condensate 
were made in [JTT], [l^j, and an iterative approach to the construction of the condensate 



was presented in JTj]. In searching for the tachyon condensate, say, describing full brane 
annihilation, one is trying to find a time independent spatially homogeneous string field 
T solving the gauge invariant string field equation QT + T * T = 0. Solving such equa- 
tions requires, at least implicitly, a choice of gauge. It may be that a simple closed form 
expression for T does not exist in the Siegel gauge b^T = 0, and a search for a solution 
must contemplate the possibility that other gauges may yield a simple solution. So far, 
however, the numerical/analytic work indicates that a solution does exist in the Siegel 



gauge. In fact, in an interesting recent work, Hata and Shinohara [H] have verified that 



the tachyon condensate solving the equations of motion following from the gauge fixed 
action, solves the full gauge invariant field equations- this can be viewed alternatively as 
a confirmation that the Siegel gauge is a good nonperturbative gauge. In this paper our 
considerations are mainly tailored to the Siegel gauge, but may have a wider application. 

It was noted in Ref. |14[ (see the second footnote in section 4) that the three-string 
vertex coupling three open string fields in the Siegel gauge is invariant under a discrete 
Z 4 symmetry transformation of the ghost and antighost oscillators: 

L n ->-nc_ n , c_ n (1) 

n 

This, for example, was seen to imply that the modes associated to the level-four states 
(3b-iC-s)\fl) and (6_3C_i)|fi) must acquire identical expectation values in the tachyon 
condensate. It is simple to argue that modes odd under this discrete transformation need 
not acquire expectation values in the tachyon condensate. This implies a trimming of the 
string field down to Z4 singlets. 
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In view of the above observations two natural questions arise: 



• Is this discrete Z4 symmetry a symmetry of any three-string vertex, or is it a special 
property of the associative vertex of cubic string field theory ? 

• Is this discrete Z 4 symmetry part of a larger symmetry acting on the ghost coordi- 
nates that impose a larger set of constraints on the string field ? 

The purpose of this brief note is to answer these two questions. As far as the first 
question is concerned, we will show that this Z4 symmetry is not a symmetry of every 
three-string vertex- althought the associative vertex is not the only one having such 
symmetry. Thus, this symmetry is sensitive to the off-shell extension used in defining 
string field theory. This is analogous to the K n = L n — (— l) n L_ n symmetries of cubic 
string field theory fl5 |, which are also sensitive to the particular choice of string vertex. 



As far as the second question is concerned we will show that this discrete symmetry 
is the Z 4 subgroup of a U{1) symmetry acting on the ghost coordinates and leaving 
the string vertex invariant. The generator S\ of this U(l) symmetry, together with the 
generator Q of ghost number (also a symmetry of the string vertex) turn out to generate 
the algebra of SU (1,1). This algebra is precisely the same algebra identified by Siegel 
and the author |16j and used to construct gauge invariant free string field theory. In 
fact, the gauge invariant free actions used just SU(1, 1) singlets. We now see that while 
this symmetry was not guaranteed to survive at the interacting level, it does survive in 
cubic open string field theory. A simple argument will show that the tachyon condensate 
(in fact, any nontrivial string field in the Siegel gauge) can be restricted to the space of 
SU(1, 1) singlets. 

The trimming down of the string field tachyon condensate with SU(1, 1) is an interest- 
ing example of a symmetry particular to the chosen star product that is used to simplify 
the search for a solution of the string field equations. Finding additional symmetries of 
this kind might simplify the search significantly. 

String vertices with Z4 symmetry . Let us recall how this symmetry arises in the cubic 
open string field theory. In the Siegel gauge, the string field action reads 

S~I(</,|L o |0> + |<0K0|<0|w 3 >, (2) 
where the gauge fixed kinetic operator L arises from the BRST operator Q 

Q = c L + b T + + Q, (3) 
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oo oo 

L o = J2 ( a -n ■ «« + n(c_ n b n + 6_„c„)) , T + = -2 ^ n c_ n c n . (4) 

n=l n=l 

In (0) all reference to the ghost zero modes (bo, Co) has been eliminated, the string field 
is in the Siegel gauge &o|0) — 0, where \<p) is built by acting with the negatively moded 
(b- n , C- n ) oscillators, with n > 1 on the vacuum \Q) = ci|0), with |0) the SL(2,R) 
invariant vacuum. One may think of the dual states (<f)\ as built with the positively moded 
ghost oscillators acting on a dual vacuum (Q\ which satisfies (fi|fi) = 1 = (0|c_iCo). 
The vertex coupling the three string fields is of the form 

3 oo 

\v 3 ) ~exp(£ mai4 ) exp(- J2 E c ~nK s m b- m ) I^)l23, (5) 

r,s=l n,m=l 

where we have focused on the ghost sector. The Z4 symmetry (JJ) requires that 

Ti 

X£ n =-XZ n , n,m>l. (6) 
m 

For the cubic open string field theory the ghost Neumann coefficients satisfy the relations 
0, 0: X™ m = (-y+^ n (N r n s m - i\^+ 3 ), where 



N ns = J_I dz_J ^^^(-)^-^~i) [/( , )r (~)- [/Hr (-) S (7) 
nm Jz R 2m Jz s 2m (z — w) 2 



for n,m > 1, and 

M = % Z 1 ' ^i,2,.,6 = {V3,-^, 0,-^,-^3, 00}. (8) 

The exchange property (|]) requires that N^ n — iV^ +3 = N™ m — N^ 3 . This will hold 
if N™ m = N% n7 which is essentially manifest from (0), and if = iV^+ 1 ' s+1 . This last 
property is readily established by noting that the six points Z R are cycled by a SL(2, R) 
transformation T(z) satisfying T 6 (z) = z and T 3 (z) = —1/z, where: 

We now ask whether this Z 4 symmetry will be a symmetry of general three string 

vertices. We will restrict the search partially by requiring the vertices to be cyclic and 

symmetrical. For this we found it convenient to start from a general expression for ghost 

2 A three open string vertex is a disk with three punctures on the boundary and three local coordinates 
around them. The vertex is said to be cyclic if the coordinates map into each other by the SL(2, R) 
transformation that cycles the punctures. If the disk is mapped to the upper half z-plane and the 
punctures are conventionally located at {— a,0,+a} (a real), the vertex is said to be symmetric if the 
local coordinate around the origin goes to minus itself under the map z — > — z. 
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Neumann coefficients given in |I7[ . These authors set up the three string vertex as a bra 
where the exponential contains terms of the form c^N^b^. The coefficients are then:Q 



N IJ = - I — I dw z -n+i( dh i\ 2 v: - m -2(dhj\-i 1 hj(w)-h K (0) ^ 
nm ~ Jo2mJo2m V dz > \ dz > hi{z)-hj{w) ^ hi{z) - h K (0) >' 

(10) 

In here the hi functions define the local coordinates as maps from canonical upper half 
disks to the complex upper half plane, with hj(0) the location of the punctures. Let us fix 
conventionally these positions at {— \/3, 0, y/3} and focus on the case when I = J refers 
to the puncture at the origin. Denoting by F the inverse function to hj (z = hj(w) — > 
w = F(z)), we have 

as. = - / ^>wr +1 / £if{*)]-~* & — ^rr^l ■ (id 



To 2ni To 2m [F'(z)] z — w z(z 2 — 3) 

This expression can be cast in a more symmetric way with the use of explicit derivatives: 

where 

H{z) = z(*-3)j&. (13) 

Using (|12"D, it is now simple to show that the Neumann coefficients will have the 
desired Z 4 symmetry when the function H satisfies 

±(^_HH\ = ±f^_EK) (14) 
dw ^ z — w H(z) ' dz^ w — z H(w) ' 

Introducing G(z) = H 2 (z) the above equation yields: 

i(gW + g(«)) = gw - gw . (15) 

2 v 1 z — w 

This equation is solved by G"'(z) = 0, which gives G(z) = a 2 (l + bz + cz 2 ) , where a, b and 
c are constants to be fixed. Back in (|13"D we get: 

F'(z) ay/ 1 + bz + cz 2 



F(z) " z{z 2 -3) 



(16) 



3 This is essentially eqn. (4.28) of the first paper in JT7| modified because we use the vacuum |fi) = ci|0) 
rather than the SL(2,R) vacuum |0). The modifications are based on the remarks around eqn. (5. 11) of 
fl7| . Since |l7| treats the vertex as a bra, the relation between and XfJ n involves a BPZ conjugation 
of the ghost bilinear, which introduces a factor of (_)™+ m + 1 . This factor does not affect the form of the 
exchange property (^|), which must therefore hold for the iV's. 
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The condition that the vertex be symmetric (see footnote (2)) requires F(—z) = —F(z), 
and this implies that 6 = 0. Thus, the condition of Z 4 symmetry demands 



F'iz) a\/r 



cz 



2 



(17) 

which gives a two parameter family of string vertices defined by F(z). While the above 
expression could be integrated and the general solution obtained, we limit ourselves to 
show that the Witten associative vertex emerges as a particular solution. Indeed, for this 
vertex one has (see JTOf eqn.(2.11)) 

- . . ,3 \> \\ 1 - 3z 2 - (1 + z 2 f' 2 , s 

F(z) = tan ( - tan- 1 (z) ) = ^ ( /_ 3) 1 • (18) 

A straightforward computation shows that F' / F is of the form in (|T7| ) with a = —3 and 
c — 1. This concludes our proof that the Z4 symmetry is an off-shell type symmetry of 
only very special types of string field vertices. 

From Z4 to SU(1,1) . The symmetry transformation in (0) can be embedded in a contin- 
uous U(l) symmetry as follows 

b_ n {9) = 6_ n cos 9 — nc_ n sin 9 , 

C-n(9) = C- n cos9-\ — &_ n sin#. (19) 

n 

These transformations, valid for all n 7^ 0, coincide with the action of the Z4 generator 
for 9 = tt/2. Moreover, they imply {c n (9), b m (9)} = S n+m . One readily finds that 

6_ n (0) = e es -b^ n e- 9S \ c^ n {9) = e es - c^ n e- es \ (20) 

where the operator S\ is given by 

00 

S\ = ( ~ h -nbn - nC-nCn) . (21) 
n=l U 

We now explain why the vertex |u 3 ) is invariant under this U(l) symmetry. For this we 
must have exp(9(S[^ + S[ 2 ^ + S[ 3 ^) ) 1^3)123 = 1^3)123, or equivalently, 

(S® +S[ 2) +Sf i) )\v 3 ) 123 = 0. (22) 



Given eqn. (|6]), the argument of the exponential in 1 1*3) 123 (see (|])) can be written as a 
sum of terms of the form (r,s,n,m, not summed) 

v-rs r 1 vsr s jr = ]_v sr ( n r r h s 4- mr s h r \ (?D 

m v ' 
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It is now simple to verify that such terms commute with the U(l) generators, namely 

[ £ S? ) , nc r _ n b°_ m + mc s _ m ¥_ n ] = . (24) 



3 

L 

k=l 

,(*). 



This, together with 5} | O) 123 = establishes (p2|), and therefore the £7(1) invariance of 
the vertex. 

Since the generator Si does not have definite ghost number, it is of interest to examine 
its commutator with the ghost number generator Q 

CO 

Q = ( C -^ b n ~ b -nC n ) • (25) 

71=1 

Note that since the vertex 1 1*3) 123 is built from ghost bilinears of zero ghost number, we 
have that Q is conserved: 

(^) + ^ 2 ) + ^ 3 ))|^3) 12 3 = 0. (26) 
The commutator mentioned above gives 

[Si,Q] = 2S 2 , with S 2 = J2{~ b - n b n + nc_ n c n ^ . (27) 

71=1 n 

One readily finds the remaining commutators: 

[S 2 ,g]=2S 1 , [S 1 ,S 2 ] = -2G. (28) 

These relations show that {«Si,«S 2 ,^} generate the algebra of SU(1, 1). These generators 
are the same as those in the SU(1, 1) algebra of |16|.n Since both S\ and Q are symmetries 
of the three string vertex ((^) and (|26|) ) we also have 

+ + ^ 3) ) |^ 3 >123 = . (29) 

In summary, the three string vertex is fully SU(1, 1) invariant. 

The set of Fock space states built with the action of ghost and antighost oscillators 
on the vacuum |0) can be decomposed into finite dimensional irreducible representations 
of SU (1,1). Note that (nc_ n , 6_ n ) transforms as a doublet. As usual, from the tensor 
product of two doublets one can obtain a nontrivial singlet; this is simply 

m6_ n c_ m + nb_ m c_ n . (30) 



4 Dcfining X = (S2 — Si)/2, Y = (S2 + S\)/2, and H = Q we recover the conventional definition of 
the isomorphic (real) Lie algebra sl(2,R), with brackets [X,Y] = H, [H,X] = 2X, [H, Y] = -2Y. Note 
that T+ = — 2X, where T+ appears as the operator multiplying bo in the BRST operator (see (0), (0)). 
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This expression arises from the SU(1, 1) invariant in ( fffi ) when r — s. 

It is now simple to argue that the tachyon condensate (or simply the string field in 
the Siegel gauge) can be restricted to SU(1, 1) singlets. First note that the kinetic term 
is L and this operator commutes with all the 577(1, 1) generators. It thus follows that 
the kinetic term cannot couple a non-singlet to a singlet. Indeed consider such term 
(s\L \a), where (s\ denotes a singlet and \a) is not a singlet. Given the structure of the 
representations (completely analogous to the finite dimensional unitary representations 
of S77(2)), it follows that there is a state \b) and an S77(l,l) generator J such that 
| a) = J\b). Therefore (s\L \a) = {s\L Q J\b) = (s|j7"L |&) = 0, where the last step gives 
zero because J annihilates the singlet (this requires that under BPZ conjugation J go 
into itself or minus itself, which is the case for the SU(1, 1) generators). It remains to 
show that the vertex cannot couple a non-singlet to two singlets. Indeed, with analogous 
notation we have 

i(si| 2 (s 2 | 3 (a \v 3 ) = i(si| 2 (s 2 | 3 (& \J {3) \v 3 ) = -i<s 1 | 2 <s 2 | 3 <6|(^ (1) + J (2) )\v 3 ) = , (31) 

where we used the conservation of J on the vertex, and on the last step the J operators 
annihilate the singlets. Since non-singlets do not have non-vanishing one point functions 
with singlets, the string field can be truncated consistently to singlets, as we wanted to 
show. 

It is amusing to test explicitly the decoupling of non-singlets using the available com- 
putations of the string field tachyon condensate. The Z 4 symmetry can be tested using 
the results indicated in appendix A of the work of Moeller and Taylor Q. One readily 
checks that the expectation values of states combine as to form the singlets of (p0|). At 
level ten the condition of 577(1, 1) invariance is stronger than that of Z 4 invariance. While 
the level ten expectation values were not written down in their paper, the required val- 
ues, provided by the authors of M imply that the states built with four ghost oscillators 
appear in the condensate as: 

ai(6&_i&_ 2 C-3C-4 + 6_3&-4C_ic_ 2 ) + a 2 (86_i6_3C_ 2 c_4 + 36_ 2 6_4C_ic_ 3 ) 

+a 3 (36_i6_ 4 c_ 2 c_ 3 + 26_ 2 6_ 3 c_ic_ 4 ), (32) 

with 

ai = 1.1472416703 x 10~ 3 , a 2 = -1.36289011 x 10" 6 , a 3 = -1.1499674505 x 10~ 3 . 

(33) 

Note that each term in parenthesis in (|32|) is Z4 invariant. Nevertheless they are not 
separately SU(1, 1) singlets. A short computation shows that 577(1, 1) invariance of the 
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state in (|32| ) requires 

a x - 2a 2 + a 3 = . (34) 

The values indicated in (|33|) satisfy accurately this constraint. 

The counting of SU(1, 1) singlets was discussed in [|i~E| , where using bosonization it was 
shown that the number of such singlets at any level (above the vacuum is the same 
as the number of states build acting on a vacuum with oscillators a\, c4, a\, • • •, namely, 
a set of bosonic oscillators missing the oscillator a\. The constraint of SU(1, 1) singlets 
cuts considerably on the number of states that can be built from ghost oscillators at each 
level. For example, at level ten the number of ghost number zero states in the ghost 
sector is 23, while the number of SU(1, 1) singlets is only 12. As we go higher in level the 
singlets become a progressively smaller fraction of the ghost number zero states. While 
this constraint should enable numerical computations to higher levels, its significance will 
be much larger if it turns out to be an essential ingredient in the eventual construction of 
an exact analytic solution for the tachyon condensate. 

Acknowledgments: I am grateful to N. Moeller and W. Taylor for providing the level 
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